Course Material

Ordinary Differential Equations

Differential Equation:
A differential equation is an equation involving differential or differentia coefficients.

Ordinary differential equations: Differential equations which involve only one independent variable
and differential co-efficientsw.r.t it are called Ordinary differential equations.

Partial differential equations. Differential equations which involve two or more independent variable
and partial derivativesw.r.t it are called Partial differential equations.

Exact Differential Equation: A differential equation is called exact differential equation if it is obtained
only by differentiation of its primitive without applying any other operation like addition, subtraction,
elimination etc.

eg. xdy+ydx=0

Necessary and Sufficient condition for differential eq. to be exact:
The necessary and sufficient condition for differential eg.

Mdx+Ndy =0 to be exact is oM _ 9N

y  ox
Solution of Exact Differential equation:

f M dx +fterms of N free fromxdy =c

y constant

Integrating Factor: A suitable factor by multiplying with which, the given equation becomes exact is
called integrating factor.
Rulesto find Integrating Factor:
1. By Inspection:
i.  xdy+ydx =d(xy)

.. ydx—xdy _ x

1. T =d (y)

ydx—xdy _ -1X

ii. ey d(tan y)

. ydx—xdy _ x
iv. ey d(logy)
V. ydxx—_yxdy = d(logxy)

2. If the equation Mdx+Ndy =0 is homogenous, then
! provided Mx + Ny

Integrating factor =

Mx+Ny '
3. If the equation Mdx+Ndy =0 isof theform f(xy)ydx + g(xy)xdy = 0, then
. 1 .
Integrating factor = Ny provided Mx — Ny
oM ON

4. If 2% = f(x), afunction of x only, then I F. = el Fax



dN oM

5. If 222 = g(y), afunction of y only, then L.F. = e/ 904
6. If equation Mdx+Ndy =0 isof theform
x*yP (mydx + nxdy) + x*y*(pydx + qxdy) = 0,
a, b, c,d, m,n, p, qareconstants, then I. F. = x"y*, where h and k are obtained from

the equations
a+h+1 b+k+1 c+h+1 d+k+1
m - n an - = p
Equations solvable for p (p = %)

Let the differential equation be of degreen.

Factorize the differential equation into the linear factors of the form (p — f(x, y))
Each factor is adifferential equation of first order and first degree. Solve them.

L et the solutions of these factors be

91(x,y,¢) =0,9,(x,y,c) =0, 93, v,¢) =0, e e, In(x,y,¢) =0
Then solution of given equation is given by
91, y,0)g,(x,y,¢)g3(x%,¥,€) v ver v eee e g (6, ,¢) = 0

Equations solvablefor y

Write the differential equation intheformy = f(x,p) ... o cev e oo (1)
Differentiating both sides w.r.t. x, weget p =F (x,p,g—z) e v e e (2)

(2) isadifferential equation of first order and first degreein z—i. Solveit.
Let the solution of (2) be g(x,p,c¢) =0 ... cce e ... (3)
To obtain the solution of given equation, eliminate p from (1) and (3).

If it is not possible to eliminate p from (1) and (3), thenusing (1) and (3), find the values of
y and x intermsof p and c. let these values be

Yy=0({P,C) e (4) and x =P, P) e v vev vee oo (5)
(4) and (5) smultaneously give solution of given equation.

Equations solvable for x

Write the differential equationintheformx = f(y,p) -« v vee e . (1)
Differentiating both sides w.r.t. y, we get % =F (y, p,Z—Z) TR 23|

(2) isadifferential equation of first order and first degreein z—p Solveit.

y
Let the solution of (2) be g(y,p,¢) =0...cc e e ... (3)
To obtain the solution of given equation, eliminate p from (1) and (3).
If it is not possible to eliminate p from (1) and (3), then using (1) and (3), find the values of
y and x intermsof p and c. let these values be
Yy=0P,C) e (4) and x =P, P) e cvv e e o (5)
(4) and (5) smultaneously give solution of given equation.



Clairaut’s Equation: An equation of theformy = px + f(p) is called Clairaut’s equation. Its
solution is given by replacing p by c in the given equation.
Equations reducible to Clairaut’s equation:
i.  If the equation contains terms of the type e®* and e??,
Put e =X and e™ =Y, whereh = H.C.F.(a,b).

ii. Iftheequatlonlsoftheformy ( )x +f( )
Putx? =X and y? =

Formation of a differential equation:-

Q.1 Eliminate the constants from the equation

y = €*(Acos X+ Bsin X) and obtain the differential equation.

Sol. y=e*(Acosx+Bsinx) ... (1)

Diff.equation (1) w.r.t X

d

r =e"(Acosx+ Bsinx) +e*(-Asinx+Bcosx) ...l ()
X

Again diff.equation (2) w.r.t x

2

((jj Zzex(Acosx+ Bsinx) + €*(—Asin X+ Bcosx) + €*(—Asin X+ Bcos X) + €*(—Acosx — Bsin x)
X

d’y dy -

ot e*(—Asinx+ Bcosx) + e*(—Acos x — Bsin x) (.- fromequation(2))

X

d’y dy dy

o dx( y)-y

d’y _dy
=Y 2% oy-0
dx? der y

Assignment:

Eliminate the arbitrary constants and the differential equations:-
(1) y=cx+c?

(2y=Ae*+Be*+C

Q) xy = Ae* +Be* +x°

(4) Findthe differential equation of all parabolas whose axes are paraldl to y-axis.



(5) Form the differential equation of all circles of radius a.
Solution of differential equations of thefirst order and first degree:-
1 Variables Separable Form
2 Homogeneous equation

3 Equations Reducible to Homogeneous form
4 Exact differentia equation

Variables Separable Form:-
If adifferential equation of the first order and first degree

dy _ f(¥)
dx  g(y)

g(y)dy = f(x)dx

[ 09ax= [ a(y)dy
Q2. Solve XCOSXCOSY +Sin y;ﬂ =0
X

dy

Sol. Xcosxcosy+siny— =0
dx

. dy
XCOSXCOSY =—Ssin y&

XCOS X =—tan yﬂ
dx

X COS Xdx = —tan ydy
I)l(COSXdX: —jtan ydy

XSin X — Il.sin xdx = log cos y
XSin X+ cosx=logcosy +c

Assignment:-

Solve thefollowing differential equations:-



@ %:1+x+ Y+ Xy
dx

(2 (x+ y+1)Zg =1
dx

dy _
(©) XY&—

(4) sec® xtan ydx +sec’ ytanxdy = 0

5 Y- osx+y)
dx

1+ X+y+xy

Homogeneous equation:-
If adifferential equation of thefirst order and first degree

d
d_y: & (1)
X X

Putting y =vx

v+x%— i)
dv

V+ Xx— = f (V)

f(v)-v=x—
v _dx

(f(v)-v) x

[ [Ec
(f(v)-v) 7 x
Q.3 Solve xdy— ydx =+/x* + y*dx

I dy Y+xX°+y’ O

dx X

So

Putting y =vx



=V+X—
dx dx
From equation(1)
dv  vx+ X+ VEXP
V4 X— =
dx X
vix® vy V1+V?
dx
x% =V1+V?
dx
dv. _dx
Vi+v: o X
dv _ J‘%
V1+V? X

log(V+v1+Vv?) =log(X) + logc
V+/1+V? =cx
Y+ x>+ Yy =cx?

Assignment:-

Solvethefollowing differential equations:-

D (xtenz — ysec? X)dx+ X sec’ Xdy =0
X X X
(2 (x+y)dx+(x—y)dy=0

@ Y-YignY
dx x X

X X

(4 (1+e')dx+e’ (1- §)dy -0

X X

(5) ye'dx=(xe’ +y)dy

Equations Reducible to Homogeneous form:-

Q: ax+by+c

A differentia equation of the form , , - can be reduced to homogeneous form
dx ax+by+c

Wheni,;tg,
a b

Putting x=X+h ,y=Y +k



dx=dX ,dy=dY

dy a(X+h)+b(Y+k)+c
dX a(X+h+b(Y+k)+c
dy aX+bY+ah+bk+c

dX aX+bY+ah+bk+c

ah+bk+c=0
ah+bk+c =0
h k 1

bc —bc ca -ca ab—ab
_bc —bc K= ca —ca
ab—-ab ' ab -ab

From equation (1)

d—Y =M whichishomogenous in X ,Y and can besolved by
dX aX+byY
putting Y =vX

State and Prove Necessary and sufficient condition for differential eq. Mdx+Ndy =0 to be exact.

Sol.Statement: The necessary and sufficient condition for differential eqg.

Mdx+Ndy =0 to be exact isg—f = Z—:.
Proof: Theeguation M dx + N dy = O will be exact if

du = Mdx + Ndy
ou ou
But de +5dy =du

. Max + Ny = Pax + 244
e Y= dx X dy Y
Equating coefficients of dx and dy, we get
M_au 4 Md +N_6uyieldsaM_ 0%u J ON _ d%u
" ox an X " dy dy  dyox an dx  0xdy
0%u  0%u yietasdM 9N
But = — =
dydx 0dxdy dy Ox

e Solve (5x*+3x2y?-2xy?3)dx+(2x3y-3x2y?-5y*)dy=0
Sol. Here M=(5x*+3x%y?-2xy®) and N=2x3y-3x?y2-5y*)

oM _ . o 2 ON _ . o 2

3y = 6x°y — 6xy“ and Pl 6x°y — 6xy

Therefore Z—Iyw = Z—I;’ Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromx dy = ¢
yields yields

s J_(Sx4 + 3x2%y2 — 2xy3)dx + f(—5y4)dy =c —x>+x3y?—x%y3 —yS=¢



Check whether the given equation (1 + x?)dy + 2xydx = 0 is exact and obtain the general
solution .

Sol.Here M=2xy and N=(1 + x?)
M _ oxand 2y = 2x
ady a

Therefore ‘Z—IZ = Z—I: Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yields yields
— 2xydx+fl.dy=c —xly+y=c

Find the value of a so that the differential equation xy3dx + ax2y?dy = 0 isexact.
Sol.Here M= xy3and N=ax?y?

oM _ 2 oN _ 2
y 3xy“ and P 2axy

. .. OM QN Yields yields 3
Hence equation is exact if i 3xy? = 2axy*—— a= =

o Solvee*(cosy dx-siny dy)=0; y(0)=0
Sol. HereM = e* cosyand N = —e*siny
M~ —e*siny and X = —e* sin

ay y ox y

aM _ N .
Therefore Frolade Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yields

yields
— | e*cosydx + J(O)dy =c¢c —e*cosy=c

e Solve (x%-ay)dx=(ax-y?)dy

Sol. HereM = x2 —ay and N = y? —ax
oM oN
—=—-aand—=-a
ay d

Therefore 3—1\; = 3_1: Hence equation is exact.
Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢

yields yields x3 y3
—>j(x2 —ay)dx+f(y2)dy= ¢ — gyt =c

Solve (sec x tan x tan y-e)dx+sec x sec?ydy=0
Sol. Here M = secxtanxtany — e*and N = sec x sec’y

2 oN 2
ol secxtanxsec*y and 5, = secxtanxsec®y

aM _ 9N L
Therefore o = ox Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromx dy = ¢
yields

jeld
— f(secxtanxtany —e®)dx + J.(O)dy =c e secxtany —e* =¢

e Solve (x?-4xy-2y?)dx+(y-4xy-2x%)dy=0

Sol. Here M = x% — 4xy — 2y?and N = y? — 4xy — 2x?
oM

ON
E——4x—4yanda——4y—4x



Therefore a—M = 3—: Hence equation is exact.

Solution i ISglven by [ Mdx + [ terms of N free from x dy =c
ylelds

3
lds X
(x? —4xy — 2y2)dx+f(y2)dy =c 3LS>?—2x y — 2y x+y?= c
e Solve (3x*+6xy?)dx+(6x2y+4y®)dy=0
Sol. Here M = 3x% + 6xy?and N = 6x2%y + 4y3
oM

ON
ok 12xy and ol 12xy

Therefore a—M = Z—I: Hence equation is exact.

Solution i ISglven by [ Mdx + [ terms of N free fromxdy =c
ylelds yields
f(3x +6xy2)dx+f(4y3)dy—c —x3+3x%y? +yt=c
o Solve (x*+y?—a?)x dx+(x?-y?—b?)y dy=0

Sol. Here M = x3 + y2x — xa?and N = x%y —y3 — y b?
M — 2xyand & =2
ay xy ax Xy

Therefore ‘Z—IZ =" Hence equation is exact.

ox
Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yietds o, I _ yields x* x2y? B a’x? _ y_4 _ y2b?
(x3 + y%x xa)dx+f(y y b*)dy = c—>4+2 "7 >
=c

o Solvexdy+ydx+[ xdy - ydxj 0

Sol. HereM =y — 2+ sand N =x+ 2+y
oM y2—x? a_N _ y2—x2
ay (x2+y2)2and ax (x2+y?)?

oM _ 9N o
Therefore o = ax Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢

yields ( Y )dx + f(O)d c yields X tan‘lx c
— ol —_— _——
y X2+ y2 y y y

X3
o Solveydx-xdy+3x%2 € dx =0

ld
Sol. Dividing both sidesby 2, we get y"’"y—"dy+3x2ex dx = 0 2% d( ) +d(ex’) =0
Integrating both sides, we get ;+ e =c

e Solve (x%y-2xy?)dx-(x3-3x%y)dy=0
Sol. Here M = x%y — 2xy?and
oM _ 2 6_N _ _ 2
=X 4xy and P 6xy — 3x

N = 3x2%y —x3

oM _, N o
Therefore 3 * 5 Hence equation is not exact.

Since the given equation is homogenous, so I.F. = L= ! !

Mx+Ny ~ x3y—-2x2y2+3x2y2—x3y  x2y2




Multiplying the given equation by xz—lyz , We get (i — %) dx — (3% — S) dy=20

Now M = (5_927)""“0' N:_(i_i)

y: oy
omMm _ -1 N _ 1
ay y2 ax y2
oM _ 9N .
Therefore > T o Hence equation is exact.

Solution i ISglven by [ Mdx + [ terms of N free fromx dy = c

yields 1 2 yields X
RN (;_;)dx-l_f()dy_c —>;—Zlogx+3l0gy—c
e Solve xdy-ydx=(x?+y?)dx

xdv—vdx yields _ yields
IYYPX = dx d(tan 1y) dx — tan~1% —
x2+y2 x x

Sol. Dividing both sidesby  x?+y?, we get
X=cC

e Solve xdy-ydx=xy? dx

Sol. Dividing both sidesby y?2, we get "dyy;zyd" = xdx 225 g (7) =xdx— Z =" +c
o Solve (1+xy)ydx+(1-xy)xdy=0

Sol. HereM = y + xy?and N = x — x%y

‘21;1—1+2xy and a—N=1—2xy

ox
Therefore 5 * E Hence equation is not exact.

1 1

Since the given eguation is of the form (xy)ydx + g(xy)xdy =0, 1.F. = Ny = 227

Multiplying the given equation by 2y we get (ZX = + ﬁ) dx + (leyz - %) dy=0

1 1 1
Now M = (2x2y + Z)and N= (ny2 Zy)
oM _ -1 N _ -1

E - szyzan ax 2x2y2
aM _ 9N .
Therefore Froiade Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromx dy = c

yields j( 1 1 )d 4 f( 1 )d yields —1 4 l l
_— —_— — R — — — —
2x2%y 2x x 2y Y 2xy 09 % 0gy=c¢

e Solve x?ydx-(x3+y3)dy=0

Sol. HereM = x?y and N = —x3—93
M _ y2and &= 342
ay ax

Therefore ‘Z—A; * ‘;—I;’ Hence equation is not exact.

1 1 _ -1
Mx+Ny - x3y x3y-yt oyt
Multiplying the given eguation by el we get ( )dx + ( i) dy=20

Sincethe given equation is homogenous sol.F. =

Now M = (F)and N = (y—j+§)



oM _ 3x? ON _ 3x?

ay oyt ox  y*
aM _ dN .
Therefore 3 = ax Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yields —x? 1 yields x°3
— ? dx+f(;)dy=c —>3—yS+logy=c
e Solve (2x%y-3y*)dx+(3x3+2xy®)dy=0
Sol.HereM = 2x%y —3y*and N = 3x3 + 2xy3

o N _g.2 3
3y Fl 9x“ + 2y
oM _, ON .

Therefore o * Hence equation is not exact.

Now equation is of theform
x%y? (mydx + nxdy) + x°y*(pydx + qxdy) = 0,

= 2x% — 12y3and

—-28 —49
~LF.= xayb =x13y1s

-49 -28
Multiplying the given equation by x 13y 13, we get
-23 —15 z49 24 -10 —28 —36 11
(2x13y13 —3x13y13)dx+(3x13y13 +2x13y13)dy: 0
-23 -15 —49 24

Now M =(2x75ys —3x ys)

-10 -28 -3 11
and N = (3x 13y 13 + 2x 13 y13)
oM _ -30 28 28 g5 ~4 1 ON _ -30 23 28 4y 4 1
E:?_95133/13 —Ex13y13and a:?xwym —Ex13y13
Therefore 3_1;4 = ‘;—I: Hence equation is exact.
Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yields =23 -15 —49 24 yields —13 -10 -15 13 -36 24
—_— (2x13y13 —3x13y13)dx+f0dy:c —)Tx13y13 +Ex13y13:(;

e Solve (Bx%y3eY +y3+y3)dx + (x3y3e? —xy)dy =0
Sol.HereM = (3x%y3e? +y3 +y?)and N = (x3y3e¥ — xy)
Z—I: = (9x2y%eY + 3x2%y3eY + 3y? + 2y)and Z—: = 3x%y3eY —y
Therefore ‘Z—Iyw + ‘;—: Hence equation is not exact.
ON oM

ax_oy _ (3x%y3e¥—y)-(9x*y*e¥+3x%y%e¥+3y%+2y) -3 _ .
Now = iy e 1y 1y =5 = g (), afunction of y only.
()d [Sdy 31 1
ALFE=el90y = /5 = o ==
y

Multiplying the given eguation byy%, we get

20¥ l 3y_i _
3x“%e +1+y dx +|x°e " dy =0

Now M = (3x2e3’ +1 +§)



and N = (x3ey —i)

y2
oM 1 N 1
— = (3x2e3’ - —)and — = (3xzey — —)
ay ax y2
aM _aN .
Therefore o = ax Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yields yields X
— (3x e’ +1+ )dx+f0dy=c —>x3ey+x+;=

e Solve (5x3+ 12x2 + 6y?)dx + 6xydy =0
Sol.HereM = (5x3 + 12x%2 + 6y?)and N = 6xy

oM ON
Therefore — ;t a Hence equation is not exact.
a_M_a_N
oy oax __ 12y—-6y — 1 — :
Now =—= = oy T x f(x), afunction of x only.

W LF.= el f0dx = pf3dx _ plnx _ o

Multiplying the given equation byx, we get
(5x* + 12x3 + 6xy?)dx + 6x%ydy = 0
Now M = (5x* + 12x3 + 6xy?)
and N = 6x%y

oM oN
ok 12xyand o = 12xy

Therefore a—M = ‘;—I: Hence equation is exact.

Solution i ISglven by [ Mdx + [ terms of N free fromxdy = c
ylelds yields
f(Sx + 12x3 + 6xy?)dx + f 0dy =c —x°+3x* +3x%y%=¢

e Solve (2x%y?+ y)dx + (3x — x3y)dy
Sol. HereM = (2x%y?+y) and N = (3x —x3y)

M _ 4,2 ON _ a0 o2
ay—4xy+1 and o = 3~ 3x%y

Therefore 3—1\; * 3_1: Hence equation is not exact.

Given Equation can be written as

x2y(2ydx — xdy) + x°y°(ydx + 3xdy) = 0
Now equation is of theform

x*yP (mydx + nxdy) + xy*(pydx + qxdy) = 0,
-11 -19

S LE=xhyk=x7y7

-11 -19
Multiplying the given equationby x 7 y 7 , we get
3 -5 -uo-w2 e O T
(2x7y7 +x7y7 )dx+(3x7y 7 —X7y 7 )dy=0
5 -11 =12

Now M=(2x7y7 +x7y7)



-4 -19 10 -—-12

and N=(3x7y7 —x7y7 )

oM -10 3 12 qp D11 —19 ON —10 3 12 4 11 19 oM
ST XY X T YT and —=—x7y7 X7y Thereforea=

ay 7 dx 7

Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢

yields 3 o5 -2
—>f(2x7y7 +x7y7)dx+f0dy=c
yieldsy 10 -5 5 -4 -12
—_— - 7 7 — = 7 7 =
XY = X7y c

I.F.=

Solve  y(xy + 2x%y?)dx + x(xy — x?y?)dy = 0

Sol. HereM = y(xy + 2x%y?) and N = x(xy — x%y?)
o _ 2,,2 N _ 2,202

3y 2xy + 6x°y and P 2xy — 3x°y

Therefore ‘Z—IZ * ‘;—I: Hence equation is not exact.

Since the given equation is of the form (xy)ydx + g(xy)xdy =0, l.F.= —— = ——

Multiplying the given equation by 3; we get (L + é) dx + (L — i) dy=20

x3y3’ 3x2y 3xy2 3y
1 2 1 1

Now M =(—=+2)and N= (-5

3x2y  3x 3xy? 3y
M_ o1 Ly N 1
dy  3x2y?2 dx  3x2y2

oM N . .

Therefore o = ax Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢
yieldsj( 1 +2)d +f( 1)d yields —1+Zl ll
— — - =c —> —— +— — = =
3x%2y  3x x 3y y=¢ 3xy 3 0gx —3r0§y=¢
Solve (3xy? — y3)dx — (2x%y — xy?)dy = 0
Sol. HereM = 3xy? —y3 and N = —2x2%y + xy?

oM _ _ 24,2 ON _ 2
ay 6xy — 3y and P dxy +y
Therefore ‘;—A; * 3_1: Hence equation is not exact.
Since the given equation is homogenous, so

1 1 1

T Mx+Ny  3x2y2—xy3-2x2y24xy3  x2y2

Multiplying the given equation by pvl we get
3y 2 1 _
G-%)ax-(G-3)dv=0
—(3_2 N

Now M—(x xz) and N—(y +x)

M _lag N _ 1

ay  y? ox  y?

Therefore ‘Z—A; = ‘;—I;’ Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢

yields (3 y ) dx + J‘ (—2) d yields 31 4 y +3-2]
—_ _——— JE— = _ — —_ =
i X v y=c 0g x " ogy=-c

Solve (x2y? + xy + 1)ydx + (x?y? —xy + Dxdy = 0

N

x



Sol. HereM = (x?y? +xy+ 1)y and N = (x%y?—xy+ 1)x

M _ 3.2.2 ON _ .22 _
ay—3xy +2xy+1 and ax—3xy 2xy + 1

Therefore ‘Z—IZ * Z—I: Hence equation is not exact.

- . . - — 1 — 1
Since the given equation is of the form (xy)ydx + g(xy)xdy =0, l.LF. = Ny = 2x2y?
. . . . 1 1 2 1 1
Multiplying the given eguation by 2y we get (3x2y + 5) dx + (3xy2 — 5) dy=20
1 2 1 1

Now M = (3x2y + Q)and N= (3xy2 - 5)

LA — and &-_1

ay  3x2y? ox  3x2y?

oM _ aN .
Therefore oy = ax Hence equation is exact.

Solutionisgivenby [ Mdx + [ terms of N free fromxdy = ¢

yieldsf( 1 +2)d +f( 1)d yields —1+Zl 1l
—_ [— —_— = —_— — —_—— =
3x%2y  3x x 3y y=¢ 3xy 3 0gx —3logy=c¢

Equations solvablefor y

e Solve y + px = x*p?

. . . yields .
Sol. Given equationisy + px = x*p? —— y=x*p? —px ............... (i)
Differentiating both sidesw.r.t x, we get
dy dp dp yields dp dp
_:432 24____ ;:432 24-____
dx xp+xpdx xdx xp+xpdx p xdx
ield d d jeld d d
T8 axdp? 4 2x4p£— 2p — x£ =0 25 2x3p <2p +x£) — (Zp +xd—z) =0
ield d jeld d
JL§(2x3p—1)<2p+x£) =0 JS(Zp+x£) =0

(By neglecting the factor(2x3p — 1) = 0 because it doesnot contain Z—Z)

ields _dx d ield
H S Y Pl gL
X p X
2
Putting the value of pin (i), weget y = x* = — S x

yields 2 c. . .
— y=c‘- ;lsthe required solution

Equations solvable for x




Solvey = 2xp + y?p3, wherep = Z—z
yields 1
Sol.y = 2xp + y?p3 — x = 5(%—y2p2)
Differentiating both sidesw.r.t y, we get
1 1,1 ydp dp\ vields dp dp
————— 2 2—22—> 2p=p—y——2yp* —2y*p3—
pZ( yp ypdy—’PPy yp )’de

dy
yields dp yields

d
— p(1+2yp*) +yd—y(1 +2yp3)=0— (p +y£) (1+2yp®) =0

yields dp)
=0
— (p Ty dy
(By neglecting the factor (1 + 2yp3) = 0 because it doesnot contain Z—S)
yvieldsdp dy yields yields yields c
—>?+—= 0——logp +logy =logc—py=c—p =;

By putting in given equation, we get y? = 2cx + ¢3



Linear Differential Equations

e Linear Differential equation: A differential equation is said to be linear differential equation if
itisof degree one and does not contain any term having product of dependent variable and its
derivative.

e Leibnitzform: Anequation of theform Z—z + P(x)y = Q(x) iscalled Leibnitz form.

Integrating factor = e/ P®dx  gngd
Solution of given equation is (Integrating factor)z = [ Q(x) (Integrating factor)dx + ¢

o Bernoulli’s form: An equation of theform Z—z + P(x)y = y™Q(x) is called Bernoulli’s form.

Dividing both sidesby y", weget y ™2+ P(x)y" ™ = Q(x) v e v e e (D)
1en _ yields _ —n dy dz yields —pdy _ 1 dz
Put y =2 (1 Tl) T dx y dx ~ (1-n)dx’
i ylelds dz
=~ (i)becomes = n) ” ZLPx)z=0x)— = -+ 1-n)P(x)z=(1-n)Q(x).

Itis Leibnitz form.

e Higher Order Equations
Let the differential equation be of the form F(D)y = f(x)

Auxiliary eg. isgivenby F(D) = 0. Solveit.

Rulesfor Complementary Function:

1. If theroots of Auxiliary equation arerea and distinct say m;,m,,m3 , then
C.F.=cie™* + cye™2* 4 c3e™3*

2. If theroots of Auxiliary equation arereal and distinct say m, m,m,m,m , then

C.F.=cie™ + xce™ + x%cze™* + x3c,e™ + x*cge™

3. If therootsare apair of complex conjugate numberssay « + i3, then
C.F.=e"(c, cos fx + ¢, sin fx)

4. If theroots arerepeated pair of complex conjugate numberssay a + iff, a« £ i, a + if8

then
C.F.= e™[(c; + xcy + x2c3) cos fx + (¢, + xcy + x2c3) sin Bx]

Rulesfor Particular integral:  Let the equation be of theform F(D)y = f(x).

L= 5@

L If f(x,y) =e¥

ax

P.I.=

F(D)°

Put D = a provided denominator does not become zero. If denominator becomes zero,
then



1
d
—FD)
Put D =a provided denominator does not become zero. If denominator becomes zero,
then

ax

P.l.=x

e

1
P.l.=x%———e%

dZ

5z F(D)
Put D =a provided denominator does not become zero.
Continue this processtill we get a non-zero denominator.
If f(x) = cos(ax) or sin(ax)

1
P.I.= mf(x)

Put D? = —(a?) provided denominator does not become zero. If denominator
becomes zero, then

1
d
5 F D)
Put D? = —(a?) provided denominator does not become zero. If denominator
becomes zero, then

P.l.=x

P I _xz daz f(x)
5z F(D)
Put D?=—(a?) provided denominator does not become zero.
If f(x)=x™m
1
— m
P.I.= —F(D)x

Use Binomia Theoremii.e.
Iflx] <1, (QA+x)"=1+nx+ n(z!_l)xz + n(n_l;!(n_z)x3

i A+ T=1—x+x?2—x34+xt—
i, A—-x)t=1+x+x2+x3+x*+
i, (I+x)2=1-2x+3x%—4x3+5x*— ..
iv. (1—=x)"2=1+2x+3x2+4x3+5x*+ oo
If f(x) =e*V,whereV isany function.

F o

1 1
— axy — pax | __—
P.I.—F(D)e V=e (F(D)V>
General Rule: Factorize F(D) into linear factors of the form (D — A). Apply partial

fractions.

1
(D —-4)

flx) = eAxf e A f(x)dx



M ethod of Variation of Parameters

Itisaspecia method to find particular integral of a second order differential equation.

i.  Caculate the complementary function. Let it be c;y; + ¢y,

. yi Y2
ii. Cdculae W =|_" )
Yy Y2 |
i, w=-[2% ad v=[RE
w w

iv.  Particular Integral = uy; + vy,
Cauchy’s homogenous equation:

An equation of the form

dn n—ly

n n—-1
anXx " +a,-1x i1

Is called Cauchy’s homogenous equation.

yields yields g4, 1
Put x = eZ—>Z=logx—>a=;

yields 1 yields yields
dy _dydz7 77 dy dyl777 Ay _ Ay 7T

dx  dzdx dx  dzx dx

1

d
e +a1x1—y + ayy = f(x)

2

Similarly we get x? £y_

Legendre’s equation:

dx?

An equation of the form
dny ~ dn—ly
a,(ax + b)"m + a,_1(ax + )" 1 o1 +
Is called Cauchy’s homogenous equation.
yields yields g4, a

Put (ax + b) = e? — z =loglax + b) —> — =

yields yields
dy _dydz o7 dy _dy a
dx dz dx dx dz (ax+b)

Similarly we get (ax + b)?

* Solve(xr—a)2+3y=12(x-a)®

Sal. Given equationis

- (ax+b)

—>(ax+b)Z—i=a

2

d-y
dx?

dxt

dy _4a
x;—DY where D =

D(D -1y

d
dz

1

dy
v taq (ax + b)lﬁ +apy = f(x)

dy yields dy _
i (ax +b)$ = aDy where D =
=a?D(D — 1)y



yields gy 3y
E (x—a) -

12 (x — a)?

— Y — _ 3
(x a)dx+3y—12(x a)

Itis Leibnitz form.

3
(x-a)

Here P(x) = and Q(x) =12 (x — a)?

3
Integrating factor is e/ P()dx = el=a™ = ¢3in(x-a) — (5 _ )3

~ Solution is (Integrating factor)z = [ Q(x) (Integrating factor)dx + ¢
yields yields
— (x—a)dy= f(x—a)312 (x —a)?dx+c — (x —a)3y =f12 (x —a)®dx+c

yields 3

(x _ a) y = 12 (x - a)6 . yields yields

(x—a)Bdy=2x—a)f+c—>y=2(x—a)®+

(x

o \Write Bernoulli’s equation.

Sol. The equation Z—z + P(x)y = Q(x)y™ is called Bernoulli’s equation.

. SolveZ—z+4xy+xy3 =0

Sal. Given equationis

d yields g yields . g4 _
Ziaxy+xyd =0 —Z+axy=-xy  —y 3L+ axyt=—x
dx dx dx
yields dy dz Yields dy -1dz
Put _2:Z — =2 _3—=——) 3% _"-*2
Y y dx dx y dx 2 dx

. -1dz yields gz . o
Equation becomes T 4xz = —x — - 8xz = 2x . ItisLebnitzform.

Here P(x) = —8x and Q(x) = 2x
Integrating factor is e Pdx = gf(=8x)dx — o—4x*

= Solution is (Integrating factor)z = [ Q(x) (Integrating factor)dx + ¢

yields yields
S ze ¥ = f 2x (e‘4x2)dx tec oy 2o = f(e““)dt +c

yields —4x?

—>y

—4t yields

—2 42 e yields
e = _tc——y

+c—>y 4x?

_2:

—2 _4x? e -1 -
Zgm4x" = —+ce
-4 4
dy 2
o Solved—x—y—y (sinx + cosx)

Sal. Given equationis

G



d . yields g4
Yy =y%(sinx +cosx) — y Zd—z—

paC A -1 _ .
T y (sinx + cos x)

yields _pdy _ dz yields _pdy _ dz
dx ~ dx dx ~ dx

. dz . yields g . . S
Equation becomes - —Z= (sinx + cosx) ———tz= —(sinx +cosx) . ItisLebnitz

form.

Here P(x) =1 and Q(x) = —(sinx + cosx)
Integrating factor is e/ POdx = of1dx — ox

~ Solution is (Integrating factor)z = [ Q(x) (Integrating factor)dx + c

X X

yields x X7 yields e* e . e .
—— ze* = | —e*(sinx +cosx)dx+¢c —> — = — 7(51nx —cosx) + 7(cosx +sinx)|+c¢
y
yields 1 . c
— - = —sinx +—
y e
dy y
o Solve—= ——
dx x+/xy
. i . d yields gy x4y vields gx  x Jx yields dx  x1/2 1
Sol. Given equationis =2 = —2 Z VR Lo AP g PV J
dx  x+yxy dy y dy vy ¥y dy y vy

yields _ dx dz
Putx'/? =z — x 12==2-—=
dy dy

1 yields g 1 . G
Z=-— £ _Z = |tisLeibnitzform.

. dz
Equation becomes ZE S E T T w5

Here P(y) = —3- and Q() =5 =

1
Integrating factor is e/ PON4Y = o) el"g(l/\/@:\/i_
v

= Solution is (Integrating factor)z = [ Q(y) (Integrating factor)dy + ¢

elds Vx 1 jeld 1
dy+cm—— logy+c3LS>\/_=§\/710gy+cﬁ

\/;‘E

yields Z j 1 ( 1)
—_—S = - | —
Vv 2y \Jy

. SolvetanyZ—z + tanx = cosy cos’x .

d
Sol. tanyd—z + tanx = cosy cos?x



Dividing both sidesby cosy ,weget secy tanyj—z + secytanx = cos?x

yields dy dz
Putsecy =z —— secy tany— = —
y y Y ix dy

Equation becomes ;—; —ztanx = cos?x . ItisLeibnitzform.
Here P(x) = —tanx and Q(x) = cos?x
Integrating factor is e/ P()dx = of ~tanxdx _ plog(cosx) = cogx

~ Solution is (Integrating factor)z = [ Q(x) (Integrating factor)dx + ¢

yields 2 yields 3
—> ZCOSX = cosxcos“x dx+c — zcosx = cos’x dx+c

yields

1 yields 1 rsin 3x )
— Zcosx:Z (cos3x+3cosx) dx+c¢c — Zcosxzz[ 3 +3smx]+c
yields i .
—>secycosx:i[5123x+3smx]+c

e Solvey” —4y' =5y =0
Sol. The given equationis y"' — 4y’ =5y =0

ield ield
Auxiliary equationis D% — 4D — 5 = 0 w3 D2 —5D + D — 5 = 0 (D — 5)(D + 1) = 0

yields
—— D =-1,5

Therefore complementary functionisc;e™ + c,e>*
Particular Integral = 0

Complete Solution = Complementary function + Particular Integral

yields —x
— y=ce " +ce

5x
o Solvey"+2y'+2y=0
Sol. Thegiven equationis y"' + 2y’ + 2y =0
Auxiliary equationisD? + 2D + 2 =0

yields
— > D=-1+i

Therefore complementary functionise™*(c, cos x + ¢,sinx)



Particular Integral =0

Complete Solution = Complementary function + Particular Integral

yields —x .
—— y = e ¥(cq cosx + c,sinx)

e Solve y"" +32y" + 256y =0
Sol. Thegivenequationis y""" +32y" + 256y =0
. . . yields
Auxiliary equationis D* + 32D? + 256 =0 —— (D + 16)> =0

yields . . . .
— D = *4i, +4i, +4i, +4i

Therefore complementary functionis
[(c1 + cpx + c3x2% + c4x*) cosd x + (cs + cgx + c7x? + cgx*)sindx]
Particular Integral = 0

Complete Solution = Complementary function + Particular Integral

yields 2 4 2 4N
— y = [(c1 + cax + c3x° + c4x*) cosd x + (cs + cgx + c7x° + cgx*)sindx]

e Solvethedifferential equation y'"' — 3y’ —2y =0

Sol. Thegivenequationisy'’' —3y"' —2y =0

ield
Auxiliary equationis D3 — 3D — 2 = 0 23 (D + 1)2(D — 2) = 0

yields
—D=-1,-12

Therefore complementary functionis c;e™ + cyxe *+cze?*
Particular Integral = 0

Complete Solution = Complementary function + Particular Integral

yields —x —x o
— y=ce " +cyxe " +cze

d?x dx . >
. SolveF + SE +6x =0, givenx(0)=0 and x’(0)=15

jeld
Sol. Auxiliary equationisD? + 5D + 6 = 0 e Dp=-2-3
Therefore complementary functionis c;e ™2 + c,e ™3¢

. 1
Particular Integral= S7TEDTE (0)=0

Complete Solution = Complementary function + Particular Integral



yields

——x =ce ¥+ e

Thereforex’ = —2¢e ™2t — 3¢,e ™3¢
ields yields
Given x(0)= 0—>c1 +c=0—>c=—c,
yields yields yields
and x’(0)=15 i 2ci+3c; =—-15—> —-2¢,+3¢c; =—15—>¢; =—-15—>¢; =15

Hence complete solution isx = 15e72¢ + —15e 73t

e Find adifferentia equation of theform ay’ + by’ + cy = 0, for which e ™ and xe™™ are
solutions.
Sol. The required equationis (D + 1)2y = 0

e Solve(4D? — 4D + 1)y = e*/?

Sol. The given equation is (4D? — 4D + 1)y = e*/?

1d
Auxiliary equationis 4D? — 4D+1—0—>(2D—1)2 oY p o

N |-
N |-

Therefore complementary functionis = (c;e*/2 + xc,e*/?)

Particular Integral = e*/? (Put D= —)

(20—1)2

But it is case of failure.

=~ Particular Integral = x e*/? (Put D= —)

2(2D—1)2

But it is again case of failure.

x2 x/2
- Particular Integral = x?=e*/? = T

- Complete Solution = Complementary function + Particular Integral

yields

x/2
—— y = (c16¥/? + xc,e*/?) + = i

e Solve (D*3D+2)y=2e"cos

eld
Sol. Auxiliary equationisD? — 3D + 2 = 0 s ) 2,1

Therefore complementary functionis c;e?* + c,e*
Particular Integral = !

1 x
2e* cos= = 2e* cos ] = 2e*
D2-3D+2 2 ((D+1)2-3(D+1)+2)

(Put D? = _Z) = 2e”* [@] cos = —8e” [1+14D] cosg



1—4D X
e o

1
__ _ 2 - __
1 —16D2 cos2 Put D 4)

= _8,x X _lgin®
= s e (COS 2 2 sin 2)
Complete Solution = Complementary function + Particular Integral

yields 2% x 8 x 1 . x
——y=ce” te—ce (cosg — ESIHE)
e Solve y" —2y'+y=xsinx
Sol. The given equationis y"' — 2y’ +y = xsinx
- . . yields
Auxiliary equationisD? —2D+1=0— D = 1,1
Therefore complementary functionis c;e* + xc,e*

. _[2-1) . 2 _ _
smx] [D2_2D+151nx](PutD =-1)

. 1 . 1
Particular Integral = D1z X SInx =x [D2_2D+1

ot 20-1) ] 1 I 1 _
—X[_ZDSIHX]— ——ZD sSin x —EXCOSX—( - )COSX—EXCOSX-FSII]X-I'COSX

Complete Solution = Complementary function + Particular Integral

yields x x o, 1 .
— Yy =ce” + xce +EXCOSX+Slnx+COSX

e Solve(D? + 3D + 2)y = xe*sinx

ield
Sol. Auxiliary equationisD? + 3D + 2 = 0—— D = —1,-2

Therefore complementary functionisc,e™ + ce™2*

. _ 1 X o3 — X 1
Particular Integral = Siraprp Xe  sinx =e [((D+1)2+3(D+1)+2)

. 1 .
in] = e [ xsin]
xS x] € (D2+5D+6)xs X

_ox 1 .1 _[__2D+5 2 _
- ¢ [x [DZ+5D+6smx] [(D2+5D+6)2 smx]](PutD =-D

X

1 2D+5
x [SD n ssmx] N [(SD +5)2 Smx]

x[(D-1) 1[ @2D+5) ,
g D2_1 SII'IX]—% msmx (PutD ——1)

— oX

=e* [;—(’;[(D — 1) sinx] —%[%sinx” =e* [:—g [(D — 1) sinx] +5—10[(2D +5) cos x]



=e* (cosx—smx)+ [( 251nx+5cosx)]]
Complete Solution = Complementary function + Particular Integral
yields —x . 1 .
—— y=ce*+ce? +e* [R (cosx —sinx) + = [(—2sinx + 5cosx)]

e Using differential operator, find general solution of (D? + 9)y = xe?* cosx

ield
Sol. Auxiliary equationisD? +9 = 0 D = +3i

Therefore complementary function is (c¢; cos 3x + ¢, sin3 x)

i __1 2x — 2% 1 — 2%
Particular Integral = ———xe* cosx = e [((D+2)2+9)x cos x] =e [(D2+4D+13)x cos x]
1 (2D + 4)
— p2x - - Put D? = —1
1 [DZ +4D + 13 Cosx] [(DZ +4D + 13)2 cosx” (Pu )

_ Zx[ 1 ] (2D + 4)
¢ D+ 12" T {@p 122

x[(D-3) ] 1[ 2D +4)

2| D2 =9 “®*| " 16|D2+6D + 9

cos x” (Put D? = —1)

- e [0 - 2228 s

oy f[(—sinx—Scosx) _i[(2D+4-)(6D—8)
=€ (36D2—64)

2 _
—5 = cosx]] (Put D= = —-1)

B ( smx—3cosx)
B —-10 T 1600

[(12D? + 8D — 32) cos x]]

1
— 2% [4 (sinx + 3 cosx) +m( 12 cosx — 8sinx — 32cosx)]

x
— p2x |2 _
=e [40(51nx+3cosx) 1600(44cosx+851nx)]

Compl ete Solution = Complementary function + Particular Integral

ylelds
—— y = (¢, cos3x + ¢, sin3x) + e? [ 70 (sinx + 3 cosx) — $(44 cosx + SSinx)]



METHOD OF VARIATION OF PARAMETERS

e Find Wroskian of 1,sinx and cos x.

Sol. Here Herey, = 1,y, = sinx and y; = cosx
3’1, 3’2, 3’3, 1 sinx coS X
W =1|Y1 Y2 Y3 |=|0 cosx —sinx|=-1
iy oy 0 —sinx —cosx

e Solvey” + 16y = 32sec2x

Sol. The given equationis y'' + 16y = 32 sec 2xby method of variation of parameters.

. . . yields
Auxiliary equationisD? + 16 = 0—— D = +4i
Therefore complementary function is (c¢; cos 4x + ¢, sin4 x)
Herey, = cos4x and y, = sin4 x

_Yr Y2 | _ | cos4x sin4 x

- ! 12 . =4
Vi Y2 —4sin4 x 4cos4x|

Xdx sin4x32sec2x dx .
u = —fsz= — J———— = -8/ 2sin2xcos2x sec 2x dx

= —16 [ sin 2x dx = 8 cos 2x

=8 [(2cos?2x — 1) sec 2x dx

__ ryiXdx _ cos4x32sec2xdx
v=J w = 4

= 8f(2 cos2x —sec 2x) dx = 8sin2x — 4log|sec2 x + tan2 x|

Particular Integral = uy; + vy, = 8 cos 2x cos 4x + (8 sin 2x — 4log|sec2 x + tan2 x|) sin4 x
= 8cos2x — 4sin4x log|sec2 x + tan2 x|

Complete Solution = Complementary function + Particular Integral
yields
—— y = (¢q cos4x + ¢, sind x) + 8 cos2x — 4 sin4x log|sec2 x + tan2 x|
e Solvey” +y = cosec x by method of variation of parameters.
. . . yields
Sol.The given equationisy” +y = cosecx —— (D? + 1)y = cosec x

ield
Auxiliary equation isD? + 1 = 0 25 D = +i

Therefore complementary functionisc; cosx + ¢, sinx



Herey, = cosx and y, = sinx

N J’2| _ | cosx sinx|
—_ ! ! - .
yi V2 —sinx cosx

U= _fyz‘)A(/dx — _fsinxcoiecxdx _ —fdx -

_ [y Xdx J‘ cosx cosec x dx

W 1 =fcotxdx=10gsinx
Particular Integral = uy; + vy, = —x cosx + sinx logsinx

Complete Solution = Complementary function + Particular Integral

yields . . .
—— y =3 cosx + ¢, sinx + (—x cos x + sinx log sin x)

e Solve y" — 2y’ + 2y = e* tan xby method of variation of parameters.
Sol. The given equationis y" — 2y’ + 2y = e*tanx

jeld =8
Auxiliary equationisD? — 2D + 2 = 0 XS p=2% 24 S 144

Therefore complementary functionise*(c, cos x + ¢, sin x)

Herey, = e* cosx and y, = e*sinx

_ |J/1 3’2| _ e* cosx e*sinx o
vi' ¥2'I 7 |e*(cosx —sinx) e*(cosx + sinx)
_ Yo Xdx e*sinxe*tanx dx _ _ .
u= —fT = —IT = — [(secx — cos x)dx = —(log|secx + tan x| — sin x)
y1 Xdx e*cosx e*tanx dx _
= T T = | sinxdx = —cosx
Particular Integral = uy; + vy, = —(log|secx + tan x| — sinx)e* cos x — cosx e*sinx
V1 V2 g

= —e*cosx log|secx + tan x|

2
1+e*

o Solve y'—y= by method of variation of parameters.

Sol.y" —y

- 1+e*

- . . yields

Auxiliary equationisD? -1 =0——> D = +1
Therefore complementary functionisc e ™ + c,e*

Herey, = e ™ and y, = e*



—-X X

Yr Y2 e

— e —
Ty oy _|—e_x ex|_2
=X e 2 g (g =— x
u=—[ = 2(1+ex)dx— f(Hex)dx— log(1 + e*)
_ ryiXdx ﬂ 2 _ e™* —x _ .- _
v_f—W =[5 (1+ex)dx—f(1+ex)dx Put e ™*=t. e *dx=—dt
f 7 = f R (it s S ft Lt g -y
T+en " e+ D™~ trn 4= )¢ %= 73
—log((t+1)
e—Zx
=-— +e ™ —log((e™*+1)

—2Xx
Particular Integral = uy; + vy, = —log(1 +e*)e™ + e* [—eT +e ™ —log((e™ + 1)]

Complete Solution = Complementary function + Particular Integral

yields e—2%
— y=ce ¥ +cer—log(l+e¥)e ™™ +e* [_T +e™* —log((e ™™ + 1)]

CAUCHY'’S and LEGENDER’S EQUATION

e Solvedx?y”" +y =0

Sol.4x2y" +y = 0. It is Cauchy’s homogenous equation. Put x = e?

2

d
- We get xzd—x}zl =D - 1)y

yields

d
Hence the given equation becomes 4D(D — 1)y +y=0—— (4D? —4D + 1)y =0

. . . yields 1
Auxiliary equationis4D? —4D+1=0——> D = >

N |-

1 1
Therefore complementary functionis c;ez” + zcyez” = Vx(c; + ¢y logx)
Hence solutionis y = vx(¢; + ¢, logx)
e Solve x2y" +2xy' —2y =0

Sol. Thegiven equation isof theform x2y”" + 2xy’ — 2y =0

yields yields g4, 1

It is Cauchy’s homogenous equation. Put x = e —— z = logx — ==



d dy dz yields g dy 1 Yyields g4 dy yields g
dy _ dydzYieldidy  dyiyields dy  ayyields  dy

d
dx  dzdx dx dz x dx dz dx Dy where D = E

d?y
Similarly we get x? i D(D —1)y

ield
Hence the given equation becomes D(D — 1)y + 2Dy — 2y = 0 s (D% + D — 2)y = 0

jeld
Auxiliary equationisD? + D — 2 = 025 p=1,-2

Therefore complementary functionisc,e? + c,e %% = ¢yx + %
Particular Integral = 0

-~ Complete Solution = Complementary function + Particular Integral

yields c;
—y=oax+t

2

e Solvex?y” +xy' +y=x

Sol. The given equation is of theform x2y"" + xy' +y = x

i , . 2 yields yields g4, 1
It is Cauchy’s homogenous equation. Put x = e —— z = logx — o

d dy dz yields g dy 1 yields g4 dy yields g4 d

dx dz dx dx az x dx dz dx dz

d?y
Similarl tx*—==D(D -1
imilarly we get x T2 ( )y

ield
Hence the given equation becomes D(D — 1)y + Dy +y = e” gl (D% + 1)y = e”

ield
Auxiliary equation isD? + 1 = 02— D = +i

Therefore complementary function is c; cos z + ¢, sinz = ¢; cos(log x) + ¢, sin(log x)

1

Particular Integral = ——

e“?(PutD =1)

=~ Complete Solution = Complementary function + Particular Integral

yields x
—— y = ¢y cos(logx) + ¢, sin(logx) + >

e Solve x2y" +5xy’ +3 =Inx

Sol. The given equation is of theform x2y"" + 5xy’ + 3 = Inx



yields yields g, 1

It is Cauchy’s homogenous equation. Put x = e? — z = Inx—— ot

dy _ _i
xa—Dy WhereD—dZ

d dv dz yields 4 yields yields
dy _ dydzYeldSdy _ dy1Yieds dy _ dyYields
dx dz dx dx az x dx dz

d%y
Similarly we get x? i D(D — 1)y

Hence the given equation becomes

yields
D(D—-1)y+5Dy+3y=z——> (D?*+4D +3)y =z

ield
Auxiliary equationisD? + 4D + 3 = 025 p=-3-1

Therefore complementary functionisc,e ™% + c,e 3% = 2 4

Particular Integral = D2+1D+3z = 3(1+D1_2+£>z = %[1 + (— + —)] z
3 3

1

3

. D2 4 D2+4D2 _1[ o-tio o
3 3 3 3 ...... Z—3Z 3 .........

-~ Complete Solution = Complementary function + Particular Integral

yields ¢ ¢,  Inx

d?y
2

e Solve Cauchy’s homogenous linear eq.x? iz xz—i; + 2y = xlogx

Sol. The given equation is of theform x2y"" — xy’ + 2y = xlogx

yields yields 45 1

It is Cauchy’s homogenous equation. Put x = e —— z = log x — ==

d dy dz yields 4 dy 1 yields g4 dy yields g4
Q_ye 9_aZ DT Y

d
= = — = = Dy where D = —
dx dz dx dx dz x dx dz dx dz

2

d
Similarly we get x? d—x}zl =D - 1)y

Hence the given equation becomes

yields
D(D—1)y—Dy+2y=e?z—— (D> —-2D + 1)y = e?z



jeld
Auxiliary equationisD? — 2D + 1 = 025 p=11

Therefore complementary functionisc,e? + zc,e” = c1x + cyxlogx

. _ zZ _ ,Z 1
Particular Integral = iy Ze = e [((D+1)2_2(D+1)+1)Z]
01y 22 (logx)?
“e T T T e

-~ Complete Solution = Complementary function + Particular Integral

yields logx)3
— y = clx+cleogx+x( 8)

2
e Solve Cauchy’s homogenous linear eq.x?2 ZTZ + SxZ—z — 5y = 24xlogx

Sol. The given equation is of the form x2y"" + 5xy’ — 5y = xlogx

yields yields g, 1

It is Cauchy’s homogenous equation. Put x = e —— z = logx — ol

d dy dz yields g dy 1 yields g4 dy yields g4
dy _dydzYeSdy dy1 o _dyYiees dy

d
= = —_— = = = —
dx dz dx dx dz x dx dz dx Dy where D dz

2

d
Similarly we get x? d_x}zl =D — 1)y

Hence the given equation becomes

yields
D(D — 1)y + 5Dy — 5y = 24e?z—— (D? + 4D — 5)y = 24e?z

ield
Auxiliary equationisD? + 4D — 5 = 025 p = -5,1

Therefore complementary functionis c;e ™% + c,e? = % + cyx
X

. _ 1 z _ z L
Particular Integral = STraD—s 24ze? = 24e [((D+1)2+4(D+1)_5) Z]
_242[ 1 ]_24e2(1+D)‘1 _ et () D+D2 _ 4e”
— e DZ + 6D z|l = 6D 6 7 = D 6 36 ......... zZ = D
z2 z (logx)? logx
— 4_ Z| _ —_ ) = 4 —_
(75 ()

~ Complete Solution = Complementary function + Particular Integral

yields c
— y=;+czx+4x(

(logx)* logx)
2 6




2
e Solve(l + x)?2 % +(1+ x)% +y = 4 cos[log(1 + x)]

yields

Sol. Put (1+x) =e*—— z =log(1+x)

ield
The given equation becomes [D(D — 1) + D + 1]y = 4 cos z —— (D? + 1)y = 4 cos z

jeld
Auxiliary equationisD? + 1 = 0255 p = +i

Therefore complementary function is = (c; cos z + ¢, sin z)
= (¢4 coslog(1 + x) + ¢, sinlog(1 + x))

Particular Integral = D%ﬂéL cosz (Put D? = —1)

Butitiscaseof failure. . Particular Integral = z % 4 cosz

= 2zsinz = 2log(1 + x) sinlog(1 + x)

= Complete Solution = Complementary function + Particular Integral

ield
i y = (¢, coslog(1 + x) + ¢, sinlog(1 + x)) + 2log(1 + x) sinlog(1 + x)

SIMULTANEOUS EQUATIONS

e Solve(D+5)x+y=e’ and x+ (D +5)y = > simultaneoudly.
Sol. Given equationsare (D + 5)x +y = et .............. (i) and x + (D+5)y=¢e> ............. ii
Multiplying (i) by (D+5) and subtracting (ii) from (i), we get

(D? 4+ 10D + 24)x = 6et — et

ield
Auxiliary equationis D? + 10D + 24 = 0= D = —4,—6

Therefore complementary functionis c;e™*t + c,e ™6t

6 t 5t
(6et —e5t) =2 2

_ 1
Particular Integral = ———— 35 99

Complete Solution = Complementary function + Particular Integral

yields _ _ 6et @St
—x=cge M+ et +———
35 99

t 5t
Putting the value of x in (i), we get (D + 5)(cie ™t + c,e ¢ + 6315 - 69—9) +y=cet

yields _ _ 6et 565t _ _ 30et SeSt
— —4ce™ = 6ee ™ + oo = See T+ 5ee T + o -

+y=et



yields 36et  10e°t , yields et 10e°t

—— cie M — et + 35 g9 TYTe T y=—cle_4t+cze_6t—£ 99
e SolveDx + 2y = —sint and —2x + Dy = cost Simultaneoudly.
Sol. Given equationsare Dx + 2y = —sint .............. (1) and —2x + Dy = coSt .............. (i1)

Multiplying (i) by 2 and (i) by D and adding (i) and (i), we get

(D? —4)y = —3sint

- . . yields
Auxiliary equationisD? —4 =0——> D = —2,2

Therefore complementary functionisc,e™2t + c,e?t

1
(D?-4)

3sint
5

Particular Integral = (—3sint) = (by putting D? = —1)

Complete Solution = Complementary function + Particular Integral
yields 3sint

— y=ce ? + et +

3sint

Putting the value of y in (i), we get —2x + D (cle‘Zt + cye?t + ) = cost

yields 3cost

— —2x+ (—2cle_2t + 2c,e?t +

)ZCOSt

yields cost _
—X = N + cie

2t _ ¢ o2t

SPECIAL FUNCTIONS

Q.1 Define error function and write its two properties.

2
Ans.  Error function = erfx = gtd,

=h

Properties:



Q.2

Ans.

Q.3

Ans.

2. erf (x)+erf (x)=1

What are ordinary, regular & irregular singular points of an ordinary differential function?

Ordinary Point: A point X=X, is called an ordinary point of the equation:

d’y dy ~ i
W_'_ p(x)&+Q(x)y: 0O; if both functions P(X) and Q(X) are

analyticat X=1X,.

Regular Singular Point: If both (X— XO)P(X) and (X— Xo)2 q(x) are analyticat X=X;.

Irregular Singular Point: A singular point which is not regular, is called Irregular Singular Point.

Explain the Power series solution to solve Differential equations.

Step — 1 Assume the solution in the form

y=8,+aX+aX +aX +. ..

Step — IIFind dy d dzy
ep —lIFind — and —-
dx  dx
. dy d? .
Step — 1l Substitute the value of d— and F in the given Differential equation.
X X
Step—1V Equate to zero the coefficients of various power of X and find

&,,8;,8,,8,............ interms of &, and &, .

Step—V Substitute the value of &,,85,8,,8s,............ inthe assumed solution of Y.



Q.4 What is Legendre’s differential equation?

2
ans.  (1- xz)% - 2x% +n(n+1)y=0

Q.5 What is Bessel’s differential equation?

Ans.  The differential equation of the form

2
2M+x$/+ n(n+1)y=0

X
dx®  dx

Q.6 Explain the method of forbenius to solve the differential equation.

Ans.  Step—1Assume Y=a,X" +a X" +a, X"+, ...

d d?
Step — lIFind the value of —y and —2/
dx dx
. dy d? .
Step — 1l Substitute the value of y,d— and F in the given differential equation.
X X
Step -1V Equate the coefficient of lowest power of X equal to zero. This gives a

guadratic equation in m, which is known as Indicial equation.

Step -V Equate the coefficient of powers of Xto find &,&,,8;,............ in terms of

d,.

Q.7 Write down the Rodrigue’s formula.

Ans. P (x) 1 d (Xz—l)n




Q.8

Ans.

Q.9

Ans.

Q.10

Ans.

Show that X* = %[8a(x)+ 20P,(x)+ 7Py (x)].
1 4 2
P4(x)=§[35x —30x +3]

R(=[x -1
R(x¥)=1

Hence i{8}(35x4 30x2+3)+ 202 (32 1)+ 7} = x*
35| 8 2

Express f (X) = X3 —5X2 + X+ 2 in terms of Legendre’s polynomials.

R=ZR(rox; K-SR+ =R R(Y-1
X 5x2+x+2:{—P3(X)+g }SEPZ() }}+F’1(X)+2F%)(X)
- 2R(X- 2K+ SRK+ IR

Prove that J§(X)=—J,(X)

d

S X"l x 3,09



Jo(x)=-31(x)

Q.11 State the orthogonality condition of Bessel’s function.

Ans. If & and f8 are the roots of J, (X)=0

0 whena # 3

1
J J,.(Rx)dx=
IOX o(0)3( )l %Jnﬂ(a) whena =R

Q.12 Provethat erf 0=0.

2 x .2
Ans. Asweknowel’fX:—J-etOIt

\/;o

put X=0

2 (0 2
ef0=——[e' =0
\/ﬂjo

Q.13  What does J,,(X) represent? What is the value of J, (X)?
2

Ans. Jn(X) represents the Bessel function which is the solution of the Bessel differential equation.

(x)= \/%sin X.

J

NI



Q.14

Ans.

Q.15

Ans.

Prove that F%(l) =1.

1

As we know, i thn(X) = (1— 2xh+ h? )75
n=0
Putx=1,
1
| 2

S h'P,(1)= (1- 2h+ h?)

=(1-h)"

=1+h+h®>+...........+h"+............

equate the coefficients of ", then P(l) =1.

Prove that Pn(— X) = (— 1)n Pn(X)

o0 1
As we know Y h"P,(x)= (1— 2xh+ hz)_E ......................

n=0

Replace X by =X in (1),

0 1
> h"R,(-x)= (1+ 2xh+ hz)_E .........................................
n=0
Replace h by —hin (1),
1

;(— NP (X)= (14 2XN+ D2 2

From (2) and (3),



Q.16  Stat the orthogonal property of Legendre’s polynomials.

0 if m=n
Ans. f P.(X)P,(x)dx=1 2

if m=n

Q.17 Solve the differential equations in terms of Bessel function.

Ans.  The given equation is xzy" + 2xy' + (4X4 — 4)y =0

Comparing with general form, we get,

1-2a0=-2, R?=4, 2r=4, a’—n’r?=-4

n is not an integer. y= X2|:Cl~]5 (Xz)"' CzJ_S(XZ)}

4 4

Q.18 Define the generating function for Jn(X).

z( ,1]
Ans.  The function €2 ? is called generating function.



Q.19

Ans.

Q.20

Ans.

Q.21

Ans.

Jn(X) is the coefficient of Z" in the expansion of e?

Prove that erf (— X) =—erfx

erf (x)= 2 [t

Prove that Pn(— 1) = (— l)n .

I
/?
=

S
50U
—~~

X

N

We know that Pn(— X)

Putx=1,

Prove that Pr:(l) =

We know Legendre’s differential equation

)

[AsR,(D)=1]



Q.22

Ans.

d%y dy
—_ 2 — =
(1 X ) v 2X dx +n(n+1)y=0

y= FL(X) is the solution of above equation.
(132 )P(x)— 2xP,(x)+ n(n+1)P,(x) = 0
Putx =1,

—2P/()+n(n+2)P,(1)=0

Prove that 4J7(x)+3J4(x)+ J5(x) = 0.
We know Jj =—J;

1
Differentiation gives ~ Jg=—J; = —E(JO - ‘]2)

m l ! !
Differentiation gives ~ Jg = _E(JO - ;)

1., 1
:_EJO+Z(J1_‘]3)

3., 1
:_ZJO_ZJs

437(x)+335(x)+ J5(x)=0



Q.23

Ans.

Q.24

Ans.

Q.25

Ans.

n+4-

Prove that J,,3+J,,5 :é(n+4)\]

As we know, 2an(X) = X(Jn_l(X)+ Jn+1(X))

Replace n by n + 4, we get:

= Jn+3 + ‘]n+5

2

—(n+4)J
X( ) n+4
Show that erf.0=1.

As the relation erfc(x)+ erf (X):].
As erfO0=0

erf.0=1

Solve the equation in terms of Bessel equation.

xy"—3y' +xy=0.

Hence the solution is

y =x%[c,3,(x)+ Y, (x)].



Q.26 Recurrence Relations of BESSEL function

1. Prove that% [x™(20)] = x™ 1 (%)

Proof: Since

o (_1)k x n+2k
Jn (%) = Xm0 mromrers (5)

(n+k+1)

(_1)k x2n+2k

n —
¥ n(x) = L 27T (n+ k + 1)

d n i (_1)k (2n + Zk)x2n+2k—1 . (_1)k (n + k)xn+2k_1
a['x ]Tl(x)] = =X

Li 27T (n+k+1) £ 221kl (n + BT (n + k)

— n N (-DF x nt2k-1 (—1D)* K H+2k—1
=0k!F(n+k)( Zk'r(n—1+k+1)(§)

= x"Jp—1(x)
Il) Prove that% [x7, ()] = =x7 1 (x)

( 1)" ( )n+2k

Since Jn(6) = iz KIT(n+k+1)

PRI N G o
X nlx T LRI+ k+ 1)



d oo N (DR @k
ax ¥ (Il = £ 272 k(k = DIT(n+ k + 1)

(_1)k—1 xn+2k—1

— -n
- kz_o 2nE-1( — 1)l (n+ k)T (n + k + 1)

® (_1)r xn+2k+1
= RZO T r 12y rerer =kl

= D" x 1427
.7 x _ _.n
- kzor!l“(n+ 1+r+1) (2) X" 41 (%)

1) Prove that J,;’(x) + zjn(x) = Jp_1(x)

Proof:
d n — n
a[x ]n(x)] =X ]n—l(x)
=> xn]n'(x) + nxn_ljn(x) = xn]n—l(x)
Dividing by x™, we have T () + ;]n(x) = Jp-1(x) (1)

IV) Prove that /' (x) = =/ (%) = —Jns1(x)
Proof: =[x/, (X)] = X"y (x)

=> x_n]n'(x) - nxn_ljn(x) = _x_n]n+1(x)

Multiplying by x™ , we have

Jn' () = ZJn () = —Jpa (X)_ (2)

V) Prove that 2/;"(x) = Jp—1(X) = Jn4+1(x)

Adding (1) and (2)



We have 2/, (x) = Jp—1(x) = Jps1(X) (3)

VI) Prove that = /() = Jp-1 (%) + Jns1(x)

Proof: Subtracting (2) from (1)

We get

20 () = o1 ) + Jnar ()

Q.27 Recurrence Relations for B, (x)

i)

i)
i)
iv)
v)

vi)

@2n+ 1)xP,(x) = (n + 1)Pyi1(x) + nPp_1(x)

nPy(x) = xPy’'(x) — Pp_qy’'(x)

2n+ DB(x) = Ppiy’(x) = Pp_y'(x)

Py (x) = xPp_1'(x) + nPy_4(x)

(1 = x*)By (%) = n[Pp_1(x) — xB (x)]

(1= x®)By () = (n + D[xB(x) = Ppy1 ()]

Proof: (1—-2xz+ zz)_T1 =Y o h™ Py (x) (1)

Differentiating (1) partially w.r.t h, we get

—1 -3 &
— (1 —2xh+ h?)=z (2h — 2x) = Z nh™= B (x)

n=0

(e = B)(1 = 2xh + B?)7 = (1= 2xh + h%) " nh" By(x)
n=0

x—h) Z h" P,(x) = (1 — 2xh + h?) Z nh™1p, (x)
n=0 n=0

Equating coefficients of A"~ on both sides,

XPp_1(x) = Pp_p(x) = nB,(x) — 2x(n — DP,_1(x) + (n — 2)Pp_(x)
nP,(x) = 2n — 1)xPy_1(x) — (n — 1) Pp_,(x)



Replacing n by n+1, we get

(n+ DPpia(x) = 2n + DxPy (x) — nPy_q (%)

-1
i) we know that : (1—=2xh+h?)2 =¥3 o h" P, (x)

Differentiating (1) partially w.r.t h, we get

_1 -3 d
— (1= 2xh +h?)7 (2h = 2x) = Z nh" 1P (x)

n=0

_1 ©
(x —h)(1 — 2xh + h¥)2 = (1 — 2xh + h?) Z nh™ 1P, (x)
n=0

x—h) Z h" P,(x) = (1 — 2xh + h?) Z nh™1p, (x)
n=0 n=0

Differentiating both sides w.r.t x

-1 -3 d
— (1= 2xh + h)2 (~2h) = Z WP (%)
n=0

(x — B)(1 = 2xh + h?)= = (x — h) Z h1) P (x)
n=0

Comparing the coefficient of h"~1 on both sides, we get

nP,(x) = xBy(x) — Pp_y'(x)

iii) From recurrence relation (i) 2n + 1)xBP,(x) = (n + 1)Pp41(x) + nP,_1(x)

Differentiating w.r.t.x, we get

Cn+ D[xPy(x) + P, (x)] =M+ 1Py () + 1P 1 (X) oo (1)

xBy(x) = nB(x) + Prp_q(x)

From (1) 2n+ 1)[nB,(x) + P_1(x) + B, ()] = (n+ V)P 11 (x) + nPp_1(x)

Hence (2n+ 1)B,(x) = Ppiqy’(x) — Pp_q'(x)



(iv) From recurrence relation (i) (2n + 1)B,(x) = Ppy1'(x) — Pp_y’(x)

From recurrence relation (ii) nP,(x) = xB,’(x) — Pp_1'(x)
(n+ DP,(x) = Pryq’(x) — xBy(x)
V) From recurrence relation (iv) B, (x) = xPp_1'(x) + nPpy_1 (X)ceeeeverrennnen. 1
From recurrence relation (ii) nP,(x) = xP,'(x) — Py 1’ (X)eecrcrinrririnnnnnn2
Multiplying (2) by x subtracting from (1), we have
(1= x?)By (%) = n[Pp_1(x) — xP,(%)]

(vi) From recurrence relation (i) (n + 1 + n)xB,(x) = (n + 1)Pp 11 (x) + nPy_1(x)

(n+ DxP,(x) + nxP,(x) = (n+ 1P 11 (x) + nP,_1(x)

(n + D[xPy(x) = Ppy1(0)] = (1 = x*)By(x)

2 (1= 2Py () = (n+ D[xF (x) = Praa ()]

Q28  Show that X* = % [8P,(x)+ 20P,(x)+ 7P,(x)].
ans. Py(x)= é [35x* - 302 + 3]

(=3¢ -]
R(¥)=1

Hence i|:81 (35X4 —30x? +3)+ 201<3X2 —1)+ 7:‘ =x*
3H| 8 2

Q.29 Express f (X) = x> —5X? + X+ 2 in terms of Legendre’s polynomials.



X2 —5x% + X+ 2



